Suppose we have an estimation problem in which we have a training set {x¥, ..., x™} consisting
of m independent examples. We wish to fit the parameters of a model p(x,z) to the data, where
the likelihood is given by:

(e) = z log p(x; 0)
i=1

= Zlogz:p(.r. 2:0)
{=1 2

Here, the z{'s are the latent random variables; and it is often the case that if the z®'s were observed,
then maximum likelihood estimation would be easy.

In such a setting, the EM Algorithm gives an efficient method for maximum likelihood estimation.
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E[f(x)] = f(E|x]) if f() is a convex function 1
f(E|x]) > E[f(x)] if f() is a concave function = log(E[x]) > E[log(x)]
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There're many possible choices for the Q()'s . Which should we choose to maximize the likelihood?
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To make the bound tight for a particular value of 8, we need for the step involving Jensen's

inequality in our derivation above to hold with equality. For this to be true, we know it is sufficient
that that the expectation be taken over a “constant”-valued random variable.

In order to obtain the maximum value, we need f(z™V) = f(z®) = = f(z™)
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Since -, Qi(z") =1 and Q;(2") x p(x", 2"; ) we can yield:

p(z®, 29, 0) B p(x®, 2. 9)
2. p(x0,2:0) —  p(a;6)

From the above equation, we can find that the best Q is the posterior probability given current 6.

(21‘(3(.)) —

= p(z"|z2"";0)

The EM Algorithm:  Repeat until convergence {
(E-step) For each i, set
Qi(2"Y) := p(z¥|=1; 0)
(M-step) Set
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Repeat until convergence: {
(E-step) For each 1,7, set
w)) = p(z® = jla®; ¢, u, T)
(M-step) Update the parameters:
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